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Explanations are used as indicators of understanding in mathematics, and conceptual explanations are
often taken to signal deeper understanding of a domain than more superficial explanations. However,
students who are able to produce a conceptual explanation in one problem or context may not be able to
extend that understanding more generally. In this study we challenge the notion that conceptual ex-
planations indicate general understanding by showing that e although conceptual explanations are
strongly associated with correct answers e they are not employed equally across different contexts, and
the highest performing students tend to use more general explanations, which may or may not be
conceptual. Overall, our results suggest that explanations of fraction magnitudes follow a learning tra-
jectory reflected in students’ accuracy and explanations: weak students focus on concrete, non-
conceptual features, stronger students use concepts to explain their answers, and the highest per-
formers tend to use general (but not necessarily conceptual) rules.

© 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Fractions are notoriously difficult for students to understand.
Although the topic is introduced as early as 3rd grade, many stu-
dents graduate high school and enter college with only a superficial
and fragile understanding of rational numbers (Stigler, Givvin, &
Thompson, 2010). One hypothesized reason for this fragility is
that students have memorized procedural rules and techniques for
dealing with fractions without developing a corresponding con-
ceptual understanding of fraction magnitudes, which makes many
operational rules appear meaningless (Siegler & Pyke, 2014; Stigler
et al., 2010). When students believe that mathematical rules are
arbitrary, they lose the motivation to believe that those procedures
should make sense, which, in turn, hinders their ability to evaluate
outcomes of procedures to decide whether they are reasonable or
not (Hiebert & Lefevre, 1986; Siegler & Pyke, 2014). Developing
conceptual knowledge has recently become the focus of education
reforms, such as the Common Core, which point to poor perfor-
mance on standardized tests as evidence that students do not un-
derstand the mathematical procedures they use to solve problems.
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If students had a deeper conceptual understanding of mathematics,
the argument goes, then they would not make such errors (Jordan
et al., 2013). Indeed, there is a large literature showing that con-
ceptual understanding is critical to flexible thinking in mathe-
matics (Gray & Tall, 1994; Niemi, 1996; Rittle-Johnson & Alibali,
1999; Rittle-Johnson & Siegler, 1998; Rittle-Johnson & Star, 2009),
whereas procedural knowledge alone may not lead to accurate and
flexible performance.

Recent work with community college students has demon-
strated this procedural fragility in a number of mathematical do-
mains, particularly with fractions (Givvin, Stigler, & Thompson,
2011; Stigler et al., 2010). In this study, students were asked to
indicate which of two fractions e a/5 and a/8 e was larger, and to
explain their answers (Stigler et al., 2010). Performance on the task
was dismally poor, with students on average doing no better than
theywould by simply guessing. But students’ explanations revealed
an interesting caveat; although very few students produced con-
ceptual explanations for their answers, all of those who did chose
the correct answer. So, for example, a student who could explain
that if the same quantity (a) were divided into 5 pieces, the pieces
would be larger than if it were divided into 8 pieces, would
instantly see that a/5 is the larger fraction.

One might naturally conclude from this that students who
provide conceptual explanations have a deeper understanding of
fractions than students who don't. While the gist of this conclusion
is not controversial, per se, the specific claim is not supported with
ns and understanding fraction comparisons, Learning and Instruction

mailto:emma.h.geller@gmail.com
mailto:jiyunson@gmail.com
mailto:stigler@ucla.edu
www.sciencedirect.com/science/journal/09594752
http://www.elsevier.com/locate/learninstruc
http://dx.doi.org/10.1016/j.learninstruc.2017.05.006
http://dx.doi.org/10.1016/j.learninstruc.2017.05.006
http://dx.doi.org/10.1016/j.learninstruc.2017.05.006


E.H. Geller et al. / Learning and Instruction xxx (2017) 1e82
direct evidence. Although a conceptual explanation might signal
deeper understanding than a non-conceptual one, a single expla-
nation should not be taken as complete evidence of understanding
of the entire domain of mathematics; students who appear to un-
derstand fractions deeply in one situation might be utterly
confused in another. In the present study, we seek to expand on the
finding from Stigler et al. (2010) by expanding the range of prob-
lems posed to students and coding the types of explanations they
give for their answers. We hypothesize that students who can
provide conceptual explanations for specific items will answer
those items correctly, but that the use of conceptual explanations
will be affected by specific features of the problems. If the use of
conceptual explanations does indeed signal deeper understanding,
then we should also expect that students who are more accurate
overall will use conceptual explanations more often that students
who are less accurate.

1.1. What do we mean by “conceptual explanations”?

Before we can test our predictions about the relationship be-
tween conceptual explanations and accuracy, we must define what
“counts” as a conceptual explanation. This can be answered, in part,
but considering the general distinction between conceptual and
procedural knowledge. Conceptual knowledge is knowledge of the
connections between principles and ideas within a domain,
whereas procedural knowledge consists of knowing how to carry
out algorithms and other processes (Hiebert & Lefevre, 1986;
Niemi, 1996; Siegler, Fazio, Bailey, & Zhou, 2013).

A recent review by Crooks and Alibali (2014) has pointed out
that “conceptual knowledge” is not always consistently defined and
operationalized in the literature on mathematics learning. To try to
mitigate this problem, they outline a framework which defines
conceptual knowledge broadly as (1) knowledge of the general
principles or “regularities” within a domain, and (2) knowledge
about which principles underlie procedures in that domain (Crooks
& Alibali, 2014). They argue that knowledge of general principles
can be assessed by asking students to evaluate example solutions or
to provide explicit explanations of key concepts, and that knowl-
edge of principles underlying procedures can also be assessed by
asking students to apply, justify, and evaluate the use of procedures
(Crooks & Alibali, 2014).

Conceptual knowledge of fractions, then, must consist of both
general principles about fractions, as well as knowledge of which
principles underlie procedures for comparing or operating on them.
Assessment of conceptual knowledge should require students to
evaluate or explain solutions or procedures, and those explanations
will be conceptual to the extent that they identify general, under-
lying principles. There are many general principles of fractions, but
two that are particularly relevant to the problem posed by Stigler
et al. (2010) e “Which is larger a/5 or a/8, and how do you
know?” e are (1) the size of the fraction is determined by both the
numerator and the denominator (not either number alone) and (2)
fraction magnitudes increase when numerators get larger and/or
when denominators get smaller. Although an exhaustive list of
general principles of fractions might be useful for testing the
completeness of one's understanding, they can be condensed into
an argument that conceptual understanding of fractions funda-
mentally means understanding of fractions as numbers with mag-
nitudes, which unites them more generally as a subclass of all
numbers (Siegler, Thompson, & Schneider, 2011).

1.2. Measuring conceptual knowledge of fractions

The importance of fraction magnitude is evident in the way
researchers have attempted tomeasure conceptual knowledge. The
Please cite this article in press as: Geller, E. H., et al., Conceptual explanati
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most common task used to assess conceptual knowledge of frac-
tions is comparing the size of two fractions to indicate which is
larger/smaller (Fuchs et al., 2013; Hallett, Nunes, Bryant, & Thorpe,
2012; Hecht & Vagi, 2010, 2012; Niemi, 1996; Resnick et al., 1989;
Schneider & Siegler, 2010; Siegler & Pyke, 2014; Siegler et al.,
2011; Sprute & Temple, 2011; Stafylidou & Vosniadou, 2004).
Other common measures include ordering sets of fractions from
largest to smallest (Stafylidou& Vosniadou, 2004), placing fractions
on a number line (Fuchs et al., 2013; Siegler et al., 2011), or esti-
mating the size of fractions (Hecht & Vagi, 2010). All of these
measures tap students’ understanding of fractionmagnitude, either
implicitly or explicitly; some but not all of these studies collected
students’ explicit reasoning or explanations for the answers they
gave, but all of these tasks rely on an implicit understanding of
what makes one fraction larger than another.

Many studies that investigate students' conceptual under-
standing of fractions also attempt to classify students on the basis of
their responses. Some of these focus on the relative strength of
students' procedural and conceptual knowledge (Hallett et al.,
2012; Hecht & Vagi, 2010, 2012), while others focus on the
particular strategies that a student might use to solve a problem
(Mack, 1995; Resnick et al., 1989; Siegler& Pyke, 2014; Siegler et al.,
2011) or the sophistication of students' reasoning (Stafylidou &
Vosniadou, 2004; Vamvakoussi & Vosniadou, 2004, 2010). Identi-
fying specific strategies and classifying the sophistication of those
strategies are both useful approaches for understanding how stu-
dents’ conceptual knowledge is marshaled in specific problems,
and for connecting accurate performance to specific models of
conceptual knowledge.

In many of the studies cited here, the students' strategies are
implicit in the pattern or type of errors they make. For example,
seeing that a student has ordered a set of fractions in the following
way: 1/7 < 4/3 < 5/6 < 1, suggests that the student is relying
exclusively on the size of the numerator (and some belief about no
fractions being greater than 1) to decide how big the fraction is
(Stafylidou & Vosniadou, 2004). Such implicit measures are useful
because they do not depend on a student’s ability to verbalize his or
her thoughts, but they may also miss some important detail about
how students are thinking.

Other researchers have collected more explicit strategies by
asking students to verbally explain or justify their thinking (Mack,
1995; Siegler et al., 2011; Sielger & Pyke, 2013; Vamvakoussi &
Vosniadou, 2004, 2010). The analyses of these explanations vary
quite a bit, partly because of the particular questions being asked
and partly because of the criteria used to score answers. For
example, some studies focus on verbal reports of students'
problem-solving strategies (e.g. Siegler et al., 2011), while others
coded open-ended explanations of fractions along several di-
mensions, including content quality, concepts and principles, facts
and procedures, misconceptions, and integration (Niemi, 1996).
Many studies identify students’ use of whole-number strategies to
solve fraction problems (Mack, 1995; Niemi, 1996; Resnick et al.,
1989), but other approaches are not consistently defined.
Although each of these studies analyzed student-generated ex-
planations, they evaluated and/or categorized those explanations
quite differently.

In the present study, we aim to classify students responses on
the basis of both accuracy and explanatory strategies. Our goal is to
connect students’ explanations to accuracy on specific problems,
but also to show that students who are more accurate overall will
tend to use different explanatory strategies than students who are
less accurate overall. To do this, we classify explanations by iden-
tifying the problem-solving strategies and underlying models of
fractions to which those explanations refer.
ons and understanding fraction comparisons, Learning and Instruction
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1.3. Conceptual models of fractions

Models differ somewhat from strategies in that they are useful
tools for mentally representing a problem, but (unlike strategies)
do not necessarily involve applying procedural steps to arrive at a
solution. A strategy for comparing fraction magnitudes may be to
convert the fractions to decimals, but the model underlying this
strategy implies that the student represents fractions as division
problems. While the use of a specific mental model might lead to a
particular strategy for solving a problem, the reverse is not neces-
sarily true. Many have observed that students who appear capable
of carrying out strategies or applying general rules and principles
nonetheless make mistakes that suggest they don't understand the
basis for these principles (Schneider & Siegler, 2010; Stigler et al.,
2010; Givvin et al., 2011). Thus, relying on analysis of errors to
identify students' implicit strategies may not accurately capture
their conceptual knowledge. After all, two students could get the
same problem right (or wrong) for very different reasons.

Explicitly asking a student to explain her reasoning is a more
direct way of assessing her mental model and the depth of her
conceptual knowledge. There are several common models used to
introduce and explain fractions, including part-whole, measure-
ment, and quotient (Niemi, 1996; Wong & Evans, 2007). The part-
whole model conceives of a fraction as a part of a whole object or
a subset of a group of objects, and is the first and most frequent
model teachers use to introduce and explain fractions (Fuchs et al.,
2013; Hiebert& Tonnessen,1978). Themeasurementmodel focuses
on magnitude, where fractions measure some property like length,
volume, etc. The quotient model treats fractions like division
problems where a fraction a/b is equal to a divided by b. Each of
these models can be useful in different contexts and problems, and
may lead students to think of particular strategies depending on
both the problem at hand and the model they are using to think
about it. Such models also tend to lend themselves to particular
representations, such as pieces of a pie (part-whole), a location on a
number line (measurement), or whole-number division (quotient).

Different models and strategies may be more or less efficient in
different circumstances. The part-whole model easily supports
thinking about problems that involve equal sharing of some whole
or set, where the “size of the pieces” is inversely proportional to the
number of people sharing. But a measurement or quotient model
might be more efficient when the size of the pieces is a cumber-
some or confusing representation. Developmental studies have
shown that instruction that focuses the measurement model of
fractions (after transitioning gradually from equal sharing to part-
whole models) can improve both conceptual and procedural un-
derstanding more than focusing on the part-whole representation
alone (Fuchs et al., 2013). This suggests that some models may be
more broadly useful than others (the measurement model sub-
sumes the part-whole model), but also may implies that having
access to multiple models is more useful than having just one well-
understood model.

This interpretation fits with the existing literature on the way
adults choose strategies to solve problems using whole numbers.
Studies of strategy selection inmathematics show that children and
adults tend to have many strategies at their disposal, but choose to
use different strategies under different circumstances (Siegler,
1988, 1991). Strategy choice often reflects an attempt to optimize
both speed and accuracy of problem solving: some strategies are
always accurate but might take a long time to implement, while
others are faster but more prone to errors (Siegler, 1991). For
instance, adults might compare only numerators or only de-
nominators when those features are sufficient to determine which
fraction is larger (Bonato et al., 2007), but use a more integrated
representation when magnitude cannot be determined by
Please cite this article in press as: Geller, E. H., et al., Conceptual explanatio
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numerators or denominators alone (Schneider & Siegler, 2010). We
suspect that studentsmay usemental models of fractionsmuch like
problem-solving strategies: choosing to use a fast and accurate
model when the comparison is easy, but resorting to slower or less-
well understood models when the problem is more demanding.

1.4. The present study

In the present study, we asked students to compare and explain
three different fraction-magnitude problems containing common
variables in the numerator and containing integers, decimals, and
variable expressions in the denominators. These problems were
chosen specifically to limit reliance on procedures to find an
answer, and to test students’ ability to provide conceptual expla-
nations in unusual fraction representations. We then examined
patterns in the rate of success and explanatory approaches used in
different number contexts.

The goals of this study were two-fold: first, to know whether
students change their explanatory approach depending on the type
of numbers in the problem, and second, to examine the relationship
between explanatory approach and accuracy across different
number contexts at both the item level and at the person level. We
predicted that conceptual explanations would be strongly related
to accuracy on specific items and that higher performers would
providemore conceptual explanations than lower performers, even
though the type of conceptual explanation (i.e. the model of frac-
tions) might vary across number contexts.

2. Method

2.1. Participants

Fifty-five psychology majors (39 female) from a non-
competitive university participated in the study. Non-competitive
universities are those where admissions criteria are relatively
lenient and admissions rates are high. This means that the general
educational preparedness of students is often quite a bit lower than
at competitive universities, with lower scores on standardized
national exams like the SAT and ACT. All students were enrolled in
two sections of an upper division statistics course and participated
in this study as part of a series of activities and surveys on the first
day of class. In order to be enrolled in this course, students met the
requirements for high school mathematics either by passing any
necessary developmental math courses or by equivalent achieve-
ment on placement exams. Also, all students enrolled in this course
had passed the general educationmathematics requirements of the
institution (either college level algebra or statistics).

2.2. Materials and procedure

Participants were presented with three questions on a one-page
worksheet, which they completed on the first day of class. For each
question, they were asked to judge which was the larger of two
given quantities and to give a rationale for their answer. Students
were asked to reason about the results of dividing a positive value,
a, by whole numbers, decimals, and variables. The three questions
are shown below:

Which of these two values (a5 or
a
9) is larger? How do you know?

Which of these two values ( a
0:1 or a

0:05) is larger? How do you
know?
Which of these two values (an or a

n�1) is larger? How do you
know?

Students were told that a was a positive number and n was a
ns and understanding fraction comparisons, Learning and Instruction



Table 2
Classification of explanation codes by conceptual focus and generalizability.

Conceptual focus

Generalizability Conceptual Non-conceptual
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positive number greater than one. The three questions were pre-
sented to all students in the same order. Answers were coded as
either correct or incorrect, and explanations were coded using the
rubric described below.
General Division Rule
Limited Pieces, Proportion, Draw Substitution, Implicit Substitution,

Manipulation, Feature
2.2.1. Explanation codes
Explanations were sorted into mutually exclusive categories.

Categories were developed inductively based on student responses,
but also based on prior research on students’ understanding of
fractions and common models used to represent fractions. The
categories were: rule, substitution, implicit substitution, division,
pieces, feature, proportion, manipulation, and other. Definitions and
examples of these categories can be found in Table 1. It should be
noted that students often misstated parts of their explanations; we
did not code the accuracy of the explanation but rather the general
approach taken by the student.

Although explanation codes were mutually exclusive, in 21.2% of
the explanations given, participants used more than one explana-
tory approach for a single prompt. In those cases, explanationswere
coded to give participants the benefit of the doubt, giving them
credit for the more sophisticated or conceptual approach taken. For
example, if a participant wrote “a/5 is larger because it has a smaller
denominator [rule] and when you divide by a smaller denominator
you get a larger result [division]” this was coded as division because
division provides a conceptual reason for the size of the fraction
while the rule does not. All explanations were coded by two in-
dependent raters. Inter-rater agreement on explanation codes was
94% with a Cohen's Kappa of 0.93. Disagreements were resolved
through discussion so that each explanation was assigned a single
code.

A secondary coding system was used to classify specific
explanatory approaches as either conceptual or non-conceptual,
and either general or limited (Table 2). Conceptual explanations
were defined as those that identified a cause or reason for the size of
the fraction, often by referring (either implicitly or explicitly) to a
mental model of fractions. For example, a rule explanation might
include the idea that larger denominators make smaller fractions,
but it does not give a reason why this is so; therefore, it is classified
as non-conceptual. On the other hand, reasoning that when the
same amount is evenly divided intomore pieces, the piecesmust be
smaller (the pieces explanation), is conceptual because it identifies
the cause (more pieces) for the magnitude of the fraction (size of
the pieces), evoking a part-whole representation. Proportion and
draw also referred to part-whole representations of fractions, while
Table 1
Definitions and examples of explanation codes.

Code Definition

Rule Refers to the expressions as fractions and cites the rule that larger de
numerators) make smaller fractions.

Substitution Substituted a number for the variable and compared the resulting
Implicit

Substitution
Implied that only certain numbers could be substituted for the var
possible substitutions from this set.

Division Refers to the expressions as division problems and states that dividi
produces a larger result.

Pieces Refers to the variable as some kind of whole (e.g. a pizza or pie) and
number of pieces of that whole, indicating that more pieces must

Proportion Treated the given denominator as the whole and referred to the exp
of the whole.

Draw Drew a picture to represent the fractions, without further explana
Feature Focused on features of the expression, such as the size of the numb

other features.
Manipulate Performed some kind of algebraic manipulation such as cross-mul

explaining the significance of the resulting expression.
Other The explanation did not fit into any of the categories above.

Please cite this article in press as: Geller, E. H., et al., Conceptual explanati
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division explanations referred to a quotient model. All other
explanation types (substitution, implicit substitution, feature,
manipulation, and other) were categorized as non-conceptual
because they involved the use of a procedural strategy without
reference to an underlying model.

We acknowledge that the categorization of rule as non-
conceptual is somewhat controversial, because the rule itself re-
fers to a general principle of fraction magnitudes. However, we
have observed in this study and other published work (e.g. Stigler
et al., 2010) that students often apply “rules” incorrectly and
without understanding what they mean or why they work. Stu-
dents can (and do) refer to this rule about denominators, but still
choose thewrong answer because their understanding of the rule is
inaccurate or incomplete. Explanations that give explicit reasons for
fraction magnitudes are less susceptible to this kind of mistake,
which is why we have categorized rule a non-conceptual approach.

The key distinction between general and limited explanations is
whether the explanation can be applied in all number contexts
without significant modification. For example, the statement that
larger denominators make smaller fractions does not need to be
changed or rephrased when the denominators are integers or
decimals or variable expressions, thus making rule a general
explanation. However, one is unlikely to describe the numerator
being split into 0.1 pieces (in fact, it is unclear what “0.1 pieces”
would even mean), thus making pieces a limited explanation. The
benefit of this classification is that explanation types that were
previously included in other could now be included in a category of
similar explanatory approaches even though those specific expla-
nation types occurred rarely.

In this classification scheme, rule and division are the only
explanation types that we consider to be general because they are
the only explanations that work in all number contexts without
relying on observing specific instances. Although substitution can
be used as a general approach across all three problems, the actual
use of substitution as an explanatory approach involves observing a
Example

nominators (or smaller “a/5 is larger than a/9 because in fractions when the
denominator is larger the amount is smaller.”

fractions. “If a is 1, 1/5 is bigger than 1/9.”
iable and compared “a/5 is larger because if a is a positive number it would

take less for the fraction to become a whole.”
ng by a smaller number “a/5 is larger because a is being divided by a smaller

number, the smaller the divider the larger the answer.”
the denominator as the
be smaller.

“a/5 is larger because it is cut into less pieces.”

ression as a proportion “a/5 is larger because a out of 5 is more than a out of 9.”

tion. Two circles, one divided into 5 pieces, the other into 9.
ers, without integrating “a/9 is larger than a/5. 9 being greater than 5. Because 9 is

larger.”
tiplying without “a/5 is bigger because 9a is bigger than 5a.”

“Because this has the greater amount of fraction.”
“You can't be too sure unless you know what a is.”

ons and understanding fraction comparisons, Learning and Instruction



Table 3
Explanation type frequency by item Accuracy.

Explanation Correct Answers Incorrect Answers Total

Integer Decimal Variable Integer Decimal Variable

Feature 0 5 3 4 12 10 34
Sub 9 5 7 2 2 3 28
Rule 6 6 9 0 2 4 27
Division 7 8 7 0 2 0 24
Pieces 13 0 4 3 0 0 20
Other 7 5 4 4 8 4 32
Total 42 29 34 13 26 21 165

Note. Modal explanation types are bolded.

Table 4
P-values for each of the 6 models used to predict accuracy from explanation type.
Diagonal values indicate two-tailed p-values for the significance test of the intercept,
and off-diagonal values indicate pairwise comparisons between explanation codes.

Intercept
Predictor

Division Feature Other Pieces Rule Sub

Division 0.0021
Feature <0.0001 0.0055
Other 0.0042 0.0323 0.9893
Pieces 0.4909 0.0002 0.0184 0.0082
Rule 0.1966 0.0001 0.0332 0.5532 0.0092
Sub 0.1341 0.0002 0.0535 0.4150 0.8004 0.0155
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specific value substituted for a and does not make a general
statement about fraction magnitude for any possible value of a. For
this reason, we consider substitution to be a limited explanation.

3. Results

Analyses of the results were used to answer three critical
questions about students' performance and understanding of the
task: (1) Did number type influence students’ explanatory
approach and/or accuracy across problems? (2) Were conceptual
explanations more predictive of correct answers than non-
conceptual explanations? (3) Was the use of conceptual explana-
tions correlated with more accurate performance overall?

3.1. Effect of number type on explanation type and accuracy

The proportion of participants who chose the correct answer to
each question varied according to the type of number in the de-
nominator: 76% of participants answered the integer question
correctly, whereas only 53% correctly answered the decimal ques-
tion, and 62% answered correctly when the denominators con-
tained variables. To test these accuracies relative to chance
performance, we used a repeatedmeasures binary logistic model to
estimate the odds of a correct answer for each type of number. For
integers, the odds of a correct answer were significantly greater
than chance (odds¼ 3.231, Wald X2(1) ¼ 13.653, p < 0.001), but the
odds of a correct answer were only marginally greater than chance
for variable denominators (odds ¼ 1.619, Wald X2(1) ¼ 3.014,
p ¼ 0.083) and were not different from chance for decimal de-
nominators (Decimal: odds ¼ 1.115, Wald X2(1) ¼ 0.163, p ¼ 0.686).

Participants' explanations of their answers were first coded
according to the scheme outlined in Table 1. Table 3 displays the
frequencies of explanation type given for each number type,
contingent upon whether the question was answered correctly or
not. For ease of comprehension, we have displayed the 5 most
common explanations (feature, sub, rule, division, pieces), and
grouped the remaining explanations as “other”. The “other” cate-
gory included explanations originally coded as other (n ¼ 18), as
well as proportion and implicit substitution (n ¼ 5 each), draw
(n¼ 1),manipulate (n¼ 1), blank (n¼ 1), and “I don't know” (n¼ 1).

When participants chose the correct answer, the modal type of
explanation varied according to number type: in the integer
problem, the pieces explanation was most common, division was
most common for decimals, and rule for variables. However, when
participants chose the incorrect answer, the modal explanation
type was always feature regardless of the type of denominator.
Some explanation types that were common for one problem were
rarely used in other problem types. For example, pieces was a
common explanation for integer denominators, but was never used
(either correctly or incorrectly) for decimal denominators. Simi-
larly, rule and feature were relatively uncommon for the integer
problem, but were very common in the decimal and variable
problems.

3.2. Predicting accuracy from explanation type

To assess the effectiveness of different explanation types, we
used a multilevel binary logistic model, with person as a random
effect, to predict by-item accuracy from type of explanation given.
Our 6 binary predictors were feature, sub, rule, division, pieces, and
other (the rows from Table 3). Because all six predictors could not be
entered simultaneously without producing a rank-deficient model,
this analysis was run as six separate models, each excluding one of
the six predictors which would then be treated as the intercept.
This allowed us to test whether each predictor's log odds was
Please cite this article in press as: Geller, E. H., et al., Conceptual explanatio
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significantly different from zero, but also to evaluate pairwise
comparisons of predictors. Table 4 shows the results of the 6
models run to complete this analysis. Diagonal values indicate the
two-tailed p-value for the significance test of the intercept, and off-
diagonal values indicate p-values for the tests of fixed effects in
each model. Functionally, these are pairwise comparisons indi-
cating whether differences in the log odds of a correct answer for
different explanation codes were significantly different. The results
of these models indicate that division, rule, pieces, and subwere not
significantly different from each other, but all were significantly
different from feature, and all but sub were significantly different
from other.

The log odds of a correct answer for each explanation type are
displayed in Fig. 1. The log odds for division, pieces, substitution, and
rule were all significantly greater than zero (division: t(54) ¼ 3.24,
p < 0.01; pieces: t(54) ¼ 2.74, p < 0.01; sub: t(54) ¼ 2.50, p < 0.05;
rule: t(54) ¼ 2.70, p < 0.01). The log odds of a correct answer for
feature explanations were significantly less than zero (t(54)¼ -2.89,
p < 0.01), and for an explanation coded as other were not different
from zero (t(54)¼ -0.01, p> 0.05). This suggests that division, pieces,
substitution, and rule explanations are generally predictive of cor-
rect answers, that feature explanations are strongly related to
incorrect answers, and that the mix of explanation types included
in other were not overall more effective than guessing. It is, of
course, possible that some explanation types included in other
might indeed be predictive of correct answers, but they were not
common enough in this sample to evaluate independently.

3.3. Another look: conceptual vs. general explanations

These analyses confirmed one of our hypotheses: that concep-
tual explanations like pieces were strongly predictive of correct
answers, but those explanations were not employed in all number
contexts. In other words, the ability to give a conceptual explana-
tion in the context of integers did not necessarily mean that stu-
dents would or could give the same kind of conceptual explanation
in the context of other number types. Nonetheless, some students
were able to answer all three questions correctly, even without
ns and understanding fraction comparisons, Learning and Instruction



Fig. 1. Log odds of a correct answer given the explanation type, collapsed across number types. Error bars represent standard errors of the log odds estimate.

Fig. 2. Log odds of a correct answer given that the explanation was general or limited
and conceptual or non-conceptual. Error bars represent standard errors of the log odds
estimate.
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providing a conceptual explanation in all cases. A secondary anal-
ysis of accuracy predicted from explanation type focused on
generalizability and conceptual stance of different explanatory
approaches.

Using the classification scheme described in Table 2, we ran a
multilevel repeatedmeasures binary logistic model (with person as
a random effect) to predict the probability of a correct answer given
that the explanation was either general or limited and conceptual
or non-conceptual. The results of this analysis are displayed in
Fig. 2. There was a significant interaction between generalizability
and conceptual focus (F(3,107) ¼ 8.57, p < 0.0001) such that con-
ceptual explanations were equally likely to produce correct an-
swers whether they were general or limited (t(107) ¼ -0.39,
p ¼ 0.696), but general non-conceptual explanations were much
more likely to produce a correct answer than limited non-
conceptual explanations (t(107) ¼ 2.89, p ¼ 0.005).

The logs odds of a correct answer given a general conceptual,
limited conceptual, or general non-conceptual explanation were
not statistically different from each other, but all were significantly
greater than chance (general conceptual: t(54) ¼ 3.23, p ¼ 0.002;
limited conceptual: t(54) ¼ 3.26, p ¼ 0.002; general non-conceptual:
t(54) ¼ 2.69, p ¼ 0.009). Limited non-conceptual explanations,
however, predicted log odds that were not different from chance
(t(54) ¼ -1.04, p ¼ 0.301).
3.4. Differences in explanatory approach as a function of overall
accuracy

All of our analyses thus far have used explanations given for a
particular problem to predict accuracy on that problem. But we can
also approach these questions at the person level and ask whether
participants with different overall levels of accuracy utilize
different explanatory approaches. To do this, we divided our sample
of 55 students into four groups according to number of questions
they got right: 36% (n ¼ 20) answered all 3 questions correctly, 29%
(n ¼ 16) got 2 correct, 24% (n ¼ 13) answered just 1 question
correctly, and 11% (n ¼ 6) got all three questions wrong. For each
group, we calculated the proportion of all their explanations that
fell in each explanation category.

Table 5 shows these proportions for the six most common
explanation types. The bolded values indicate which accuracy
group was most likely to produce each explanation type. Here we
can see a progression from non-conceptual and limited to con-
ceptual and general as we move from worst to best performance
(left to right in the table). Among participants that got none of the
three questions right, fully half of all the explanations they
Please cite this article in press as: Geller, E. H., et al., Conceptual explanati
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provided focused on features, with no strong preference for any
other type of explanation after that. The most common explanation
in the 1-correct group was also feature, though this group wasmore
likely than any other to use an explanation coded as other (and was
nearly as likely as the 2-correct group to use substitution). Partici-
pants in the 2-correct group were equally likely to utilize division,
substitution, and features, and were also more likely than any other
group to use the pieces explanation. Among participants who
answered all three questions correctly, the most common expla-
nations types were rule and division.

A similar analysis of general/limited and conceptual/non-
conceptual explanation proportions (Table 6) further clarifies the
differences between these accuracy groups. In all four accuracy
groups, the most common explanatory approach is limited and
non-conceptual (focusing on features, substitution, or some other
approach). But with each additional problem a student gets correct,
they are increasingly more likely to add another explanatory
strategy, starting with limited concepts (pieces, drawing, propor-
tion), then general concepts (division), and finally a general non-
conceptual approach (rule).

Different accuracy-groups also differed in the average number of
approaches they used to explain the three problems. The 2-correct
and 1-correct group used an average of 2.3 and 2.5 different ap-
proaches, respectively (max is 3 and min is 1), while the 3-correct
ons and understanding fraction comparisons, Learning and Instruction



Table 5
Proportion of explanation types as a function of overall Accuracy.

Explanation
Number of problems correct

0 1 2 3

Rule 0.11 0.08 0.13 0.27
Division 0.06 0.03 0.21 0.20
Pieces 0.06 0.10 0.17 0.12
Sub 0.11 0.18 0.21 0.15
Other 0.17 0.33 0.08 0.20
Feature 0.50 0.28 0.21 0.07

Note. Bolded values indicate which accuracy group(s) were most likely to produce
each explanation type. Columns sum to 1.0.
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and 0-correct groups both used an average of 1.8 different ap-
proaches. In general, the most common pattern was to use 2
different explanatory approaches. Participants who used 3 different
approaches were more likely to get 1 or 2 problems correct, while
participants who used just 1 approach were more likely to get all or
none of the problems correct. Interestingly, the integer problem
was most likely to be the “odd one out” in the two-explanation
pattern; nearly half of the participants who used two different
approaches used one explanation for the integer problem and some
other explanation on both the decimal and variable problem.
4. Discussion

Our results support three main conclusions about explanations
and students’ understanding of fractions. First, both accuracy and
explanatory approach are affected by the particular kinds of
numbers used in rational expressions. Second, several explanatory
approaches were associated with a greater-than-chance probability
of choosing the correct answer, but not all of these approacheswere
conceptual. Both general and limited conceptual explanations were
associated with correct answers, but so were non-conceptual ex-
planations that were general. Third, students who were able to
answer many questions correctly used different explanatory stra-
tegies than students who answered few questions correctly.

Examining the frequencies of explanation types across partici-
pants revealed a pattern of increasing explanatory sophistication
with increased accuracy. Although all accuracy groups used limited
non-conceptual explanations more than any other type, higher
accuracy groups usedmore conceptual and general explanations, as
if adding to their explanatory repertoire. The 1-correct group used
limited conceptual explanations (such as pieces), the 2-correct
group used both limited and general conceptual explanations
(both pieces and division), and the 3-correct group was likely to give
both kinds of conceptual explanations, as well as general non-
conceptual explanations (rule).

This trend maps on to prior work showing a progression from
concrete to abstract understanding of rational numbers (Stafylidou
& Vosniadou, 2004; Vamvakoussi & Vosniadou, 2004, 2010).
Students with the weakest understanding of rational expressions
Table 6
Proportion of general and conceptual explanations as a function of overall Accuracy.

Explanation
Number of Problems Correct

0 1 2 3

General Non-Conceptual 0.11 0.08 0.13 0.27
General Conceptual 0.06 0.03 0.21 0.20
Limited Conceptual 0.06 0.15 0.17 0.18
Limited Non-Conceptual 0.78 0.74 0.50 0.35

Note. Bolded values indicate which accuracy group(s) were most likely to produce
each explanation type. Columns sum to 1.0.
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tend to focus on features of the expression, rather than relation-
ships between those features. As they learn more, they transition to
concrete representations, such as substitution and part-whole
models. With more sophistication, students understand fractions
as representing a kind of division, and may condense that under-
standing into a general, abstract rule regarding the effects of fea-
tures of the expression (numerator, denominator) on the overall
value or magnitude of the expression.

Although the most accurate students were more likely than less
accurate students to give a rule explanation, this does not imply
that the rule explanation always resulted in correct answers. Some
participants answered problems incorrectly even after giving a
rule-based explanation, perhaps because they misapplied the rule
or were unable to accurately judge which denominator was larger.
This was a common trend in other work (Givvin et al., 2011; Stigler
et al., 2010), and was one of the reasons we predicted that con-
ceptual explanations would be more predictive of correct answers
than non-conceptual ones. Thus, the use of the rule itself is not
necessarily a sign of deep understanding, but students who had
high accuracy tended to use both the rule and conceptual expla-
nations while students with lower accuracy tended to use con-
ceptual explanations but not the rule.

The pattern of increasing variety and sophistication of explan-
atory approaches with increased accuracy also fits with the
research on strategy selection (Siegler, 1988, 1991). The fact that
most students provided more than one type of explanation, and
that these approaches were influenced by the features of the
problems suggests that they are strategically choosing different
explanations in different contexts. In our study, the rule is clearly a
“fast and accurate” approach. Thus, it is not surprising that students
whowere very accurate overall would be more likely to use the rule
explanation; if you are confident in your understanding of fraction
magnitude, there is little need to explain your answer with a con-
ceptual model. Conceptual explanations, on the other hand, are
slower and more deliberately applied because they take more
representational effort. But conceptual explanations are less error-
prone than rules and can maximize accuracy in the face of uncer-
tainty. For this reason, it should not be surprising that conceptual
explanations were commonly used by students who got some but
not all problems correct; if they are less confident in their under-
standing then it makes sense that they would choose a slower but
more reliable approach.

Nonetheless, conceptual explanations still signal deeper un-
derstanding than limited non-conceptual explanations. Our ana-
lyses support the relationship between conceptual explanations
and correct answers at the item level, but this relationship is also
visible at the person level. For example, participants in both the 1-
and 2-correct groups were likely to give conceptual explanations
for questions they answered correctly, but non-conceptual (and
limited) explanations for questions they answered incorrectly. This
pattern suggests that students are likely to give more sophisticated
explanations when they can make sense of the problem, but revert
to a focus on concrete features when they can't.

5. Conclusions

Altogether, these findings suggest that just producing a con-
ceptual explanation does not, by itself, indicate deep understanding
of a mathematical domain. Many students who only answered one
question correctly were able to produce a conceptual explanation
for that one problem, but they fell apart (both in accuracy and
explanation) when the number context changed. Rather than
indicating deep understanding, conceptual explanations might be
better understood as thinking strategies that get recruited in some,
but not all, situations. There are many ways to make sense of a
ns and understanding fraction comparisons, Learning and Instruction
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problem, and although some explanations are more sophisticated
or transferable than others, they are not necessarily more indicative
of deep understanding. Additionally, the highest performers may
not rely on conceptual explanations because they have distilled
those models into a rule that is fast and accurate and generalizable
to many different kinds of number contexts.

Does this mean that conceptual explanations are less valuable
that generalizable rules? Not at all. For one thing, the act of
generating a conceptual explanation in itself indicates a desire to
make sense of a mathematical situation. Even if a conceptual
explanation is limited, it may reveal a disposition that is more likely
to result in deep understanding. Limited conceptual explanations
are well suited for solving specific kinds of problems, and may
provide a bridge to developing other, more general explanations.
They might also be a crucial precursor to understanding a general
rule; students who “know” a rule but don't understand it may be
more likely to misapply that rule than students who have access to
some conceptual strategies, even if those concepts are not general
themselves.

Future work should investigate this question by examining the
effects of explanatory instruction over time. Knowing that students
with different levels of performance tend to produce different
explanatory patterns should prompt us to ask: what explanations
should we be teaching? Are students more likely to be successful if
they follow a progression from limited conceptual, to general
conceptual, to general rule? Or might they make faster progress if
multiple explanations are introduced all at once to see what
“sticks”? If students’ explanations offer us some insight into why
they answer problems the way they do, they should also give in-
structors clues about what kinds of explanations might help stu-
dents understand fractions more deeply.
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